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Abstract

Utilizing recently available high-strength materials and design codes along with the
current complex design layouts have led to frequent use of slender compression members
where P-8 analysis should be included in the analysis and design. This type of analysis is
usually executed using commercial software. Therefore, designers need to be fully aware
of the aspects that affect the results of P-6 analysis including the method of analysis used
by the program, matrix method or the finite element method, and column discretization
ratio. ldeal column mesh size is not covered by software manuals and has been a
controversial topic for engineers’ discussion as there is no available guidance for
engineers to follow. Improper selection of column mesh size may lead to inaccurate or
even misleading analysis results. The interest of this study is to investigate the influence
of column discretization on P-4 analysis in order to provide a scientific base for engineers
to rely on. The research also diagnoses the difference between software that utilizes
matrix method and those that utilizes finite element method when adopted in P-3 analysis
of columns. Loading case is also examined in this study as a factor that could affect the
ideal mesh size for each method of analysis. Two loading scenarios are investigated; nodal
loads and member loads. A Matlab code has been written to show the difference between
the two approaches, matrix and finite element methods, when used for a column with
nodal forces without the influence of different solving techniques used by software. Two
programs are then implemented to study the effect of column discretization on P-4
analysis under different solving approaches and different level of axial loading. STAAD
Pro software has been considered as an example on software that adopts matrix method
for skeleton structures and that is used in routine design works. On the other hand, Abaqus
software is taken as an example for software that completely implements finite element
method and is usually used in research field. Results for different case studies indicate that
the solving approach, matrix or finite element methods, significantly affect the choice of
ideal column discretization ratio. The results also show that columns that are subjected to
member forces seem more sensitive to mesh size comparing to the corresponding columns
that are subjected to nodal forces.

Keywords: - P-8 analysis, matrix method, finite element analysis, mesh size, Matlab
code, STAAD Pro software, Abaqus software.
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l. Introduction

In traditional structural analysis,
equilibrium equations are generally
formulated in terms of undeformed
shape. This formulation may be
adequate to estimate the interaction
between axial forces and bending
moments in short columns.

slender
equations

For long columns (or
columns)  equilibrium
should be formulated in terms of
deformed shape to include the
secondary moment that is resulted
from the product of axial forces by
the lateral deformations due to
primary moments.

In general, design codes offer three
different approaches to deal with the
secondary moments of slender
columns. In the first approach, usually
called the Moment Magnification
Method, both of the geometric and
material nonlinearities are treated
empirically by modification of
member stiffness to simulate possible
cracking and yielding and by magnify
the primary moments to simulate the
geometric nonlinearity [4]

In the second approach, called Elastic
Second Order Analysis, the material
nonlinearity is  still  simulated
empirically, while the geometric
nonlinear is modeled rationally by
adopting the deformed shape in the
preparation of the stiffness matrices
for columns and connected beams.
Finally, in the third approach, both of
material and geometric nonlinearities

are simulated rationally in a
Nonlinear Second Order Analysis.

The second approach is relatively
simple and can be adopted in the
finite element models of commercial
software. Unfortunately, the built-in
stiffness matrix for most commercial
software has been developed in terms
of Hermite cubical shape function.
When P-6 effect increases, column
behavior asymptotically approaches
the critical buckling case where the
mode shapes are trigonometric in
nature. The difference between
assumed cubical shape and actual
trigonometric shape leads to an
inaccurate analysis [9]

During their practical works and
discussions, the authors have noted
that usually a single element is used
to simulate the whole column length
without giving adequate cautions to
the aforementioned drawback in the
stiffness formulation. What makes
this issue deserves more concern is
that most of the related literature do
not discuss the discretization aspect
when  presenting  details and
provisions related to the Elastic
Nonlinear Analysis.

This paper aims to show how column
discretization can affect the result of
Elastic Nonlinear Analysis. For this
propose, a Matlab code has been
written to simulate the difference
between matrix method and finite
element method when adopted in P-6
analysis. Different case studies have
been analyzed using STAAD.Pro
software and Abaqus software. The
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former has been employed to
represent the software that is based on
displacement method and is usually
used in routine design works while
the latter is adopted as an example on
more sophisticated software that is
completely based on finite element
method and is wusually used in
research field.

Il. Matrix versus Finite
Element Formulations

For framed structures, stiffness
matrix, that relates nodal forces to
nodal  displacements, can be
formulated either based on matrix
method or based on finite element
method [11].

In the matrix method, the stiffness
matrix is derived from an analytical
solution of the governing differential
equation [16]. Except the
approximation during factorization of
the resulting simultaneous equations,
solutions with matrix approach are
closed forms in nature [8].

On the other hand, in the finite
element formulation, the stiffness
matrix is formulated based on an
approximate displacement field with a
variational principle [14].

A. Stiffness Matrix Based on
Matrix Approach

Referring to the deflected shape of
column indicated in Fig. 1 , and by
adopting the second derivative, v'"’, to
approximate the curvature of the
elastic ~ curve, the governing

differential equation would be as
indicated in Eq. (1) [15].

dv P d*v ¢
- -1 Eqg. (1
dx“-I_EIdx2 El @)

Physical model

Fig.1 Deflected shape of a single column
with physical and analytical models.

The analytical solution of Eqg. (1) is
presented in Eq. (2) [9].

v = A;sin (u%) + A, cos (u%)
+A3x + A,

Eq. (2)

where A; are the integration constants
that can be determined from boundary
conditions, while the coefficient u is a
non-dimensional coefficient that is
defined as follows:

W= E

Accordingly [9], when Eq. (2) is
reformulated in a matrix form and
when integration constants, A; , are
expressed in terms of degrees of
freedom indicated in Fig. 1 , the
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stiffness matrix would be as indicated
in Eq. (3).

[K] = EI x
uds
13(2—=2c—us)
u?(1—o) u(s — uc)
12(2—2c—us) l(2—2c—us)
—uls —u?(1-c¢) uds

Symmetrical

3(2—=2c—us) 1?’(2—2c—us) BB(2—-2c—us)
u?(1—c) u(u—-s) —u?(1-c¢) u(s — uc)

112(2—-2c—us) l(2—2c—us) [?’(2—2c—us) l(2—2c—us)l

Eqg. (3)

B. Stiffness Matrix Based on
Hermite Displacement Field

In finite element method, Hermite
cubical displacement field indicated
in Eq. (4) is usually adopted in the
approximate formulation of stiffness
matrix of a frame element [6].

vV =g+ a;x + ayx? + azx3 Eq. (4)
According to [7], with Hermite
displacement field of Eqg. (4) , and by
using degrees of freedom of Fig. 1 ,
the stiffness matrix for the beam
would be as indicated in Eq. (5).

[K] =

[ 12EI/L? 1
| 6EI/I> 4EI/L  Symmetrical | Eq.(5)
|—12 EI/L® —6EI/I* 12EI/IL3 |

6 El/1? 2EI/L  —6EI/L*> 4 EI/LJ

When a compression axial force, P,
acts, the beam would be more flexible
and its stiffness matrix is reduced to
the following formula [7].

[Kr] = [K] = [K¢] Eq. (6)

where
Ky is the reduced stiffness,

K; is the geometric stiffness
determined from the following
relation [7].

P
(K] = mx
36 Eq.(7)
3L 41? Symmetrical
—-36 —3L 36
3L —1? —3L 412

C. Load Vectors

The way of generating load vector
from applied loads represents another
point where finite element modeling
significantly differs from that of the
matrix method.

To obtain an exact solution, the
applied load in the stiffness matrix are
broken down into nodal forces and
fixed end moment as indicated in Fig.
2. For each load type, the fixed end
moments are determined based on
classical methods, wusually using
column analogy method, while the
unbalance forces is included in the
load vector for the member element
[13].

On the other hand, load vector in the
finite  element  formulation s
generated based on the principle of
potential energy, where the applied
loads are lumped into nodal forces
that produce equivalent external work

[6].
As same displacement field is adopted
in the formulation of stiffness matrix
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and in lumping of the applied loads,
the resulting load vector is called a
consistent load vector [6].

Based on the aforementioned
discussion, finite element simulation
IS considered as an approximate
solution compared with stiffness
matrix analysis in the aspects of
generating the stiffness matrix and the
load vector.

°- (m_

: <
_PH—> _PH—>
| +
P, P, »
P Py »
® - Q«T o

Fixed End Unbalanced
Forces Forces

Fig.2 Load vector generating in matrix
method.

I1l. MATLAB Code

Matlab code has been developed for
P-0 analyses based on stiffness matrix
approach, Eqg. (3) , and based on finite
element method, Eqg. (6) .

To be positive definite, stiffness
matrix has been modified for
boundary conditions. Penalty

approach has been adopted to impose
the boundary conditions, where
supports have been simulated as stiff
springs and have been added to the
corresponding DOF in the main
diagonal of the stiffness matrix.
Stiffness for stiff springs has been

assumed as 1000 times the maximum
stiffness on the main diagonal [6].

Finally, the resulting simultaneous
equations have been solved by Gauss
elimination approach [10].

IV. P-6 Analysis in
Commercial Software

To show how column discretization
process affect analysis and design
aspects, three commercial software,
namely the aforementioned Matlab
code, STAAD.Pro V8i (SS 6), and
Abaqus 6.12-1, have been considered.

STAAD.Pro V8i (SS6) software has
been considered as an example on
software usually used in routine
design works while Abaqus software
has been considered as an example on
more sophisticated software that is
used in research field.

As discussed earlier, adopting finite
element method with different mesh
size lead to approximate formulation
of stiffness matrix and load vector. In
order to show partial effects of
approximation in stiffness matrix and
in load vector formulation, two case
studies indicated in Fig. 3 and Fig. 4
are examined.

In the case study with member forces,
Hermite displacement field can be
used to approximate the stiffness
matrix and load vector. On the other
hand, Hermite displacement field can
only be used to approximate the
stiffness matrix for the case study
with nodal forces shown in Fig. 3.
Therefore, it may be concluded that
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Hermite cubical displacement field is
more accurate to simulate nodal
forces of Fig. 3 than the member
forces of Fig. 4.
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Fig.3 Case studies with nodal forces.
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Fig.4 Case studies with member forces.

A. Matlab Case Studies

Adopting the Matlab code of Article
Il and referring to the column with
nodal forces indicated in Fig. 3, P-6
response for different levels of axial
forces have been determined,
normalized in terms of the first order
analysis, and presented in Fig. 5. The

figure indicates that the closer the
axial force to the buckling load, the
more divergence between matrix
method and finite element method.
This trend can be interpreted in terms
of the difference between the
approximated Hermite displacement
field of the finite element method and
the more accurate trigonometric
displacement field of the stiffness
method.

From practical point of view, a value
of 1.4 represents an upper bound for
the permissible P-6 effect adopted by
the [4]. According to Fig. 5 this upper
bound level occurs with an axial load
level in the range of one-quarter of
the critical load and with an error of
fifty percent in finite element analysis
compared to that of matrix method.
This emphasizes how meshing is
important in second order effect even
for columns with nodal forces only.

== Stiffness Matrix Approach =fi=Hermite Displacement Field

250
2.00 /
150 /

1.00 W

0.50

0.00 T \ ; i i
0 0.1 0.2 0.3 0.4 0.5
P/ Per

M with p-6/M of first order analysis

Fig.5 Normalized responses for matrix
method and finite element method of a
column simulated with single element and
subjected to nodal forces.
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B.  Effect of Column  This  procedure  permits  the
Discretization in STAAD  formulating and factorization of the

Environment

STAAD Pro adopts stiffness approach
to simulate skeleton structures while
uses finite element method for
analysis of continuum structures
including plates, shells, and solids [5].

As it starts with a stiffness matrix
similar to that indicated in Eq. (3) ,
STAAD can capture P —§ effects
even with a single element for the
whole column height.

In  STAAD environment, two-
dimensional model with frame
element has been adopted to simulate
the column. Axial and lateral forces
have been applied simultaneously to
model the P — § effects. Based on the
applied primary load, the software
determines the geometric stiffness,
K. The primary load is then modified
by the K; times the displacement of
previous iteration, i — 1, and solve for
the displacement of the current
iteration i as indicated .

[K1{v}: = {P} + [Ke]{v}ioa

(v} = k17 (P} + [Kel{v}i-)  EQ.(8)

where

{v}; and {v},_, are the displacement
vectors at current and previous
iterations respectively.

{P} is the load vector due to primary
vertical and lateral loads when
applied simultaneously.

global stiffness matrix, [K], only once
at the beginning of the analysis
process [5].

According to [5]., 5 to 25 iterations
are usually adopted to ensure an
accurate analysis within a reasonable
run time. Ten iterations have been
adopted in this study.

The P — § effect for a single column
with different mesh sizes, different
levels of axial force have been
determined and presented Fig. 6 and
Fig. 7 for nodal and member forces
respectively. These figures indicate
that the STAAD can capture P —§
effects even when single element is
used to simulate the whole column
height. This seems logical since
STAAD relies on the matrix method
technique in the solution.

As the proposed displacement filed is
used to approximately generate the
nodal load vector in the case of
member forces, the response for nodal
forces would be less sensitive for
mesh size as the forces are already
applied at nodes with no further
approximation.
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M with p-8/ M of first order analysis

Mesh Size/Column Length

Fig.6 Effect of mesh size for different
levels of axial force with nodal moments
in STAAD environment.
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0.0 0.2 0.4 0.6 0.8 1.0

M with p-6/ M of first order analysis

0.0 0.2 0.4 0.6 0.8 1.0
Mesh Size/Column Length

Fig.7 Effect of mesh size for different
levels of axial force with uniform member
load in STAAD environment.

C. Effect of
Discretization in
Environment

Abaqus is one of the most powerful
general finite element software. It can
be utilized to simulate almost all
problems in stress-strain analysis. As
a general software, Abaqus adopts
finite element method to simulate
skeleton and continuum structures
[12].

In Abaqus environment, a single
deformable two-dimensional wire has

Column
Abaqus

been adopted to simulate the column
with focusing on the bending about
major axis [3].

Frame element is used to discretize
the wire body. This element is a 2-
node element  with Hermite
displacement field that can exactly
simulate the behavior of nodal forces
without P — 6 effects. Mesh size of
6m, 3m, 1.8m, 1.2m, and 0.6m have
been used to show how element size
can affect P —§ response with
different levels of axial force [2].

Two load steps are produced; the first
step is a default one that is generated
automatically by the software to
accommodate the hinge and roller
boundary conditions indicated in Fig.
3 and Fig. 4. The second step is a
general step that is used to apply the
nodal forces of Fig. 3 and the member
forces of Fig. 4 with including the
P — ¢ effects [1].

Results for different mesh size and
different load levels have been
presented in Fig. 8 and Fig. 9 for
nodal and member forces
respectively. These figures indicate
that no P — § effect can be simulated
when single element is used for the
whole column height. For member
forces, the single element cannot even
simulate the primary moment as seen
in Fig. 9. In general, fine mesh, in the
range of 0.1 of column height, should
be adopted to simulate the P —§
effects accurately.

Even with fine mesh, one can notice
some differences between STAAD
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and Abaqus results. These differences
are due to different displacement
fields that are utilized by STAAD and
Abaqus software and due to different
analysis  techniques  that are
employed. In contrast to STAAD that
maintains the global stiffness matrix,
[K], and only updates the load vector
according to Eqg. (8), full nonlinear
analysis with updating stiffness
matrix and load vector is adopted by
Abaqus software.

V. Conclusions

Based on the different case studies
that are examined in this research, one
can conclude the following:

1. In general, the user should be
completely aware about the built-
in displacement field that is
employed by the software before
executing P-6 analysis.

2. A fine mesh, in the range of 0.1 of
column height, is generally
essential in software that utilizes
Hermit displacement field.

3. With software that is based on
stiffness method, an accurate P —
6 analysis can be obtained even
with a single element for the
whole column height.

4. When starting with Hermite
displacement filed, columns that
are subjected to member forces are
more sensitive to mesh size than
those that are subjected to nodal
forces. This seems reasonable as
member  forces in  Hermite
displacement field are

approximately lumped to the
corresponding nodes.

5. Finally, results of members with

fine mesh revealed that the
software that employs full
nonlinear analysis provides a more
accurate P — § response than the
software that utilizes matrix
method in spite of the fact that
finite-element software starts with
an approximate displacement field.

——0.1 Pcr -#-0.2 Pcr 0.3Pcr =>=0.4Pcr =—+—0.5Pcr
2.50

0.50

M with p-8/ M of first order analysis

0.00 - —

0.0 0.2 0.4 0.6 0.8 1.0
Mesh Size/Column Length

Fig.8 Effect of mesh size for different

levels of axial force with nodal moments

in Abaqus environment.

—4—0.1 Pcr —0.2 Pcr 0.3 Per =—<0.4Pcr =—4—0.5Pcr

e

n

-
|

2.00

M with p-8/ M of first order analysis

Mesh Size/Column Length

Fig.9 Effect of mesh size for different
levels of axial force with uniform member
load in Abaqus environment.

Salah R. Al Zaidee Association of Arab Universities Journal of Engineering Sciences

Hayder A. Al-Baghdadi
Aqeel T. Fadhil

NO.3 Volume. 25 Year. 2018



135

VI. Recommendations

1. For future works, it would
useful to assess that effect of
mesh size of P-4 analysis with
material nonlinearity.

2. As this study indicates that the
accuracy of P-0 analysis is
sensitive to load nature,
including the inertia forces in a
dynamic P-d analysis is worth
investigating in  order to
enhance the outcome of this
study. This aspect has a
substantial practical importance
for frames that are subjected to
seismic forces.
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